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We investigate by means of analysis and numerical examples the 
range of applicability of the Pade approximant method. We conclude 
that at least a subsequence of the [N, N] Pad6 approximants for f(z) 
converge uniformly to f(z) in any closed, connected set on the Riemann 
sphere containing the origin but not containing any of the singular 
points or points on suitable cuts of f(z). There are, however, certain 
types of singular points at which convergence does occur. 
INTRODUCTION 
In a previous paper [l] it was argued that the Pad& approximant [2] 
could be used to approximate a function f(x) and even to approximate the 
limit of f(x) as x --, 00, provided f(z) possesses an absolutely convergent 
Mittag-Leffler expansion. It appears to us, however, that the Pad& 
approximant method is applicable under much less stringent conditions. 
In this paper we show that the natural domain of validity of the Pad6 
approximant method is not simply a circle centered at the origin as is 
the case of a power series, but the union of many circles containing the 
origin as an interior point. The questions, “When is the Pad6 approx- 
imant method applicable ?” and “When do low order Pad& approximants 
provide a good approximation ?” are difficult to answer, especially in 
a way useful in mathematical physics. In this paper we attempt to 
provide at least partial answers to these questions through a conjecture, 
several theorems, and a numerical study of the way in which the Padi: 
approximant method works when applied to several classical functions. 
* Work performed under the auspices of the United States Atomic Energy 
Commission. 
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Our basic conclusion is that the Pad6 approximant method converges 
uniformly to the function f(z) from which it was formed in any closed, 
connected set of the complex plane, containing the origin but not 
containing any of the singular points or points on suitable cuts of f(z). 
In certain cases there is convergence at some singular points. The func- 
tion f(z) may either be represented by a convergent power series of by 
some kinds of asymptotic series. When f(z) is cut, the question naturally 
arises, “To which branch of f(z) do you refer ?” We discuss this problem 
at some length; the proper branch is always obtained by analytically 
continuing the power series along the arcs of a certain set of circles 
through the origin. 
In the first section we state our conjecture concerning the conver- 
gence of the Pad6 approximant method and extend it by means of several 
theorems. We present several numerical examples of its applicability and 
some counter examples to certain types of extensions of our results. 
In the second section we consider the application of the Pad6 approx- 
imant method to a certain type of asymptotic expansion of a function f(z). 
The Pad& approximants appear to converge for our examples. 
In the third section we consider a means of using the Pad6 approx- 
imant method in some cases where it cannot be applied directly; namely, 
cases in which there is an essential singularity at infinity of such a nature 
as to prevent convergence of the Pad6 approximants at infinity. 
In the final section we discuss the location of the cuts made in func- 
tions by the Pad& approximant method. 
I. FUNCTIONS REGULAR AT THE ORIGIN 
R. de Montessus de Balloire [3] has shown that if P(z) is a power 
series representing a function which is regular for /zI < R, except for m 
poles within this circle, then the [m, N] Pad6 approximants converge 
uniformly as N tends to infinity, to P(z) in the domain obtained from 
IzI < R by removing the interiors of small circles with centers at these 
poles. R. Wilson [4] has extended this result to the case where the 
function defined by P(z) has certain nonpolar types of singularities on 
the circle Iz/ = R. He proves that if P(z) is a power series representing 
a function which is regular for IzI < R except for m poles within this 
circle and one nonpolar singularity on the boundary such that P(z) is 
continuous at the singularity, then the [m + t, N] Pad6 approximants, 
z > 0, converge uniformly to P(z) as N + 00 in the domain obtained from 
Iz/ < R by removing the interiors of small circles with centers at these 
poles. The same results hold for the vertical files of the PadC table as 
well, as can be seen by considering l/P(z). The general question of the 
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convergence of diagonal [N, N] Pad& approximants remains unanswered 
as yet. Y. L. Luke [Ti] has shown for a special class of functions that the 
[N, N] Pad& approximants converge inside the circle of meromorphy 
of the functions considered. Also, Wall [2] has shown that for series of 
Stieltjes with convergent S-fraction expansions, the [N, N] Pad& 
approximants tend to a limit as N tends to infinity. Though we cannot 
prove it, we make the following conjecture: 
CONJECTURE. If P(z) is a power series representing a function which 
is regular for lz/ < I, except for m poles within this circle and except for 
z = + 1, at which point the function is assumed continuous when only 
points 1.z < 1 are considered, then at least a subsequence of the [N, N] 
Pad6 approximants converge uniformly to the function (as N tends to 
infinity) in the domain formed by removing the interiors of small circles 
with centers at these poles. 
\Ve remark that the study of any sequence of [N, N + k] Pad6 
approximants can be reduced to the study of the [N, N] Pad& approx- 
imants by simply considering 
if k < 0 or 
,&Y(z) = rk f(z) (1) 
if k > 0, where ji are the coefficients of the power series expansion of f(z). 
As was pointed out in our previous paper [l], if z tends to infinity like zk, 
then one should consider the sequence of [N, N + k] Pad6 approximants 
for optimal results. 
On the basis of this conjecture we shall prove that for a certain very 
large class of functions the [N, N] Pad6 approximants “converge”l 
uaifovmly in a much larger domain. 
THEOREM 1. If P,(z)/Q,(z) is the [N, N] Pa&f apfiroximant to f(z), 
thert Plv[Aw/(l + &)]/QN[&/(l + Bw)] is the [N, N] Pa& ap~rox- 
imad to f[Az0/(1 + &)I. 
PROOF: If the numerator and denominator of PNIAw/(l + Bw)]/ 
Q&4~/(1 + BzJ)] are multiplied by (1 + Rzu)~ then it becomes of the 
form pN(w)/qN(w). If we expand this as a power series in ze, by expanding 
’ By “converge” we mean that at least a subsequence converges. 
rN/QN and then expanding (1 $ l3w) ‘, we readily check that ~,(w)/Y~(IL’) 
agrees with the expansion of f [A%)/(1 + Bz’)] at least through the terms 
in ~~m2S Since LF’all 2’ has shown that the Pad4 approximant is unique, 
theorem 1 follows. 
L)EFINITIOS: .4 fzh1lctiolL j(z) will be suid to be oj type I if a straight 
livze can be drawvl ivz the z filnvze, such that f( z is regular, except for a finite ) 
Itumber of poles, every-where i,n the opevb half plane containing the origivl 
and conti+tuous in this half plane at infinity. This half plane will be called 
RI(f). The region R,(f) is defined as the closed half plavhe co*ttaining the 
origin and bounded b?’ a line parallel to the one definivtg R,(f) and betwee>? 
it and the origivt, except for the interior of certain small circles containin,q 
the fivzite number of poles. 
THEOREM 2. If f(z) is of type I, then the IN, N] Pad& approximants 
“converge” to it uniformly in R,(f). 
PROOF : By Theorem 1 we may study equivalently g(w) = 1 LA-1 W/ 
(l--w)]. If the line bounding R2(f) passes through the point - l/AA, 
then the transformation 70 = Az/(l + AZ) maps R,(f) onto the unit 
circle. The point at infinity is carried into 2~’ = $ 1 and the origin is 
left unchanged. Thus g(w) is regular in the unit circle except for a finite 
number of poles in 1~1 < 1 and continuous at w =: + I. Hence by our 
conjecture the [N, N] Pad& approximants for g(~) “converge” uniformly. 
to g(w) in ~wji < 1 except for the interior of small circles centered at the 
poles. Hence [N, N! Pad4 approximants for f(z) “converge” uniformly 
to f(z) in R,(f). 
COKOLLARY 1 : The ! N, NJ Padk approximavats “converge” uniforml?’ 
to any function f(z) in any circle containing the origin as an interior fioilat 
in which f(z) is regular except for a finite number of poles and for one 
boundary point where, however, it is continuous. 
The interiors of certain small circles about the poles are excluded from 
this region of uniform convergence. 
PKOOF: By Theorems 1 and 2 it suffices to show that any such circle 
can be mapped onto the unit circle by the transformation of Theorem 1. 
For a circle with center at C and of radius R, the transformation 
5~’ = e”“z/[R(1 - jC/R12) + Cz/R] (3) 
accomplishes this mapping, where 8 is such that the non-regular boundary 
point, if any, is carried into w! = + 1. This corollary now follows from 
the arguments establishing Theorem 2. 
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COROLLARY 2: The [N, N] Pa& approximants “co?.cverge” uniformly 
to f(z) in the union R,(f) of any finite number of regions R2(f) and circles 
described in corollary 1. Note that f ( ) z need not be of type I for either this OY 
the @evious corollary to hold. 
PROOF: By Theorem 2 and Corollary 1 f(z) “converges” at every 
point of this union. As the union of a finite number of closed sets is again 
a closed set, f(z) must converge uniformly in the union. 
These results prove that if f(z) is of type I and its only non-polar 
singularity in the finite plane is a branch point, then the [N, N] Pad& 
approximants “converge” to f(z), cut on a ray. If there are two branch 
points which may be connected by a cut to define a single valued func- 
tion, then this cut lies on the arc of a circle through the two points and the 
origin. If there are n branch points which may be connected by cuts to 
define a single valued function, then these cuts lie inside or on a polygon 
whose sides are arcs of circles through the origin and pairs of branch 
points, and which contains all the branch points. 
I)EFINITION: A functiox g(w), will be said to be of type II if 
T(w) = Awn/P&) 
g(w) = f [TWI 
(4) 
where f(z) is of type I and p,( w is a polylzomial of degree at most n. ) 
THEOREM 3. The [nN + r, nN + s] Pa& approximants, r + s < n - 1, 
to g(w) are given by PN[T(w)]/QN[T(w)] where P&)/Q&) is the [N, N] 
Pa& approximants to f(z). 
PROOF: The proof is the same as for Theorem 1, which is seen to be 
a special case of this theorem. Here, however, the approximant is good 
through terms of order ~&~“+l)- ’ so that the Pad6 table is not normal. 
COROLLARY 3: The [N, N] Padk approximants fey g(w) “conzlerge” 
uniformly to g(w) in T-l[R,(f)]. 
PROOF: By Theorem 3, the Pad6 approximants to g(w) are identically 
obtained from those of f(z) which by corollary 2 “converge” uniformly in 
R&f). Hence those for g(w) must “converge” uniformly to g(w) in the 
inverse mapping, T-l, of R,(f) in the z plane onto the w plane. It should 
be noted that this inverse mapping is 1 to n. It should also be noted that 
this corollary exhibits a class of functions for which the [N, N] Pad4 
approximants “converge,” although the Pad6 table is not normal. 
In Table I we give a number of examples relating to the possibility 
of an extension of our results. 
., 
(I 
., 
0 
2 
0 
r’ 
0 
1 
0.333333 I .39703 
2.3733‘33 < t 0.48732 4,‘:~ 
0.411764 0.63483 <ii4 
2.411764 I .“8677 I 
0.414141 0.9X853 53/42 
2.414141 I. 14742 131/104 
0.41421 I 1.16828 
2.414211 1.22103 I .25997a 
1 I .“1042 1.269921 
The functions listed in Table I arc 
U(X) = (1 - CL)/X 
b(x) = (1 - e-. “) 
u(x) = (1 -+ “z)1/i/(1 + x) (5) 
'iJ(4 = C(l + x)/(1 + tx)P + 7d - 2 tan-l (5/12) - 2 tan-l (2.4 - 2.6 x) 
t(x) = [((l + x + 9) (1 + 2x))‘IY - l]/%. 
The function a(x) is of type I, although the limit as z tends to infinity 
on any ray in the left half plane is infinite. One sees from Table I that 
the Pad6 approximants converge at infinity like l/(N $-- 1). The func- 
tion b(x) is continuous at infinity on any ray in the right half plane, 
save the imaginary axis. As is evident from Table I, the [N, N] Pad6 
approximants for b(x) do not converge at infinity (although a Ceasro 
mean of them does). From this pair of examples it seems to us that 
continuity in K,(f) at infinity is necessary for convergence at infinity 
of the [N, N] Pad6 approximants, and that it is also sufficient. 
The function g(x) has branch points at x = & I/- 1. This excludes 
U(X) from Type I; U(X) is also not of type II as the coefficient of x in 
the power series is not zero. Since the [N, N] Pad& approximants for a(~) 
appear to converge to VT+ 1 as N is even or odd, the sequence of [N, N] 
Pad& approximants do not converge at infinity. The function U(X) has 
branch points at x = - 1, -~ 4, and (12 & 5 V- 1)/B, and is neither 
of type I nor type II. The Pad6 approximants for V(X) appear to be 
converging at infinity, This pair of examples shows that the [N, N] 
Pad6 approximants may or may not converge, if one is not inside the 
region Ra(f). 
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The function t(x) has three branch points on the line Re(x) = - 8. 
The equations for the [l, 11, [4, 41,. . . , [3N f 1, 3N + 11,. , . Pad4 
approximants are inconsistent and so those approximants do not exist. 
However, the other Padk approximants do exist and appear to converge 
. . 
to the correct limit as N ---, co. This example proves that the entire 
sequence need not converge, and supports the conjecture that there is 
always at least a subsequence which does. In this regard we remark that 
in some cases we have studied occasionally there appear poles in a region 
which had previously fairly well converged. For example the IlO, IO] 
Padi, approximant to 
s(x) = sz - 2 tan-l (2.4) - 2 tan-l [(5 - 13x)/12] + (1 - z)- lb (6) 
has a pole at about x = - 24, even though all the singularities of s(x) 
are in the right half plane and all the poles of the previous approximants 
were too. Further, the [16, 161 has a pole at about - 11.4 and the [18, 181 
at about - 64. The residues at these poles are quite small. We do not 
know whether this behavior is eventually excluded for N large enough, 
or whether a subsequence must be deleted in this case. The values of 
[N, N] Pad& approximants at infinity do appear to be converging. 
In Table II we give a number of examples of type I which illustrate 
how well low order [N, N] Pad& approximants can work. The func- 
tion z)(x) in Table II is 
W(X) = z - 2 tan--l (5/12) - 2 tan-l (2.4 - 2.6 x). (7) 
TABLE II 
N sech vx tanha w(x) 
1 -l/5 
2 13/313 
3 - 127/14615 
4 17/9326 
3 - 3.8254 x 1O-4 
6 
7 
8 
Limit 0 
312 l/3 1 .3 715 - 516 
150/163 7/19 1.8677 41129 - 0.7877462 
737117244 711193 2.0331 239/169 -0.7896576 
0.99636 1001/2721 2.1271 1393/985 -0.7895792 
2.1876 1.414213552 
2.2299 
2.2611 
2.2850 
I 0.367879441 2.4674 1.414213562 -0.7895822 
The functions sech 1/X and tanh2 VX have essential singularities at 
infinity, since infinity is a limit point (on the Riemann sphere) of poles. 
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The Pad& approximants to these functions are expected to converge 
uniformly in any &(I). From Table II we see that the error at infinity 
is decreasing by about a factor of (-- 5) at each step. The closest poles 
are very accurately located by the low order Pade approximants. For 
instance, the 13, 31 Pad& approximant for sech l/x locates the closest 
pole to an accuracy of 8 decimal places and the second nearest one to 
within 1 part in 200. The tanh2 vx has double poles. The Padk 
approximants simulate them by two very close single poles. For instance, 
the /4, 4] approximant has its closest “double” pole at 
x = - 2.4674003 & 9.6396 x 1O-3 j/-i (8) 
which may be compared with 
x = - (~12)~ = - 2.4674010. (9) 
The function exp [- x/(1 + x)] is regular in the whole complex 
plane, except for an essential singularity at x = - 1. The increase in 
accuracy of the approximants at infinity is about 2 decimal places per 
unit increase in N. The value given by the [4, 41 approximant is off only 
one part in the eighth decimal place. The excellent results obtained in 
this case illustrate the fact that an essential singularity is, except in its 
neighborhood, almost identical with a pole of finite order. The poles of 
the Padi: approximant tend, as one would expect, to cluster about the 
essential singularity. 
The function (tan-l VT)2 is regular in the complex plane which is 
cut from x = - 1 to - co. The limit as x --f CO in R,(j) is (~212)~. As a 
cut represents a discontinuity in a function, and the PadC approximants 
are meromorphic functions, the only way they can represent a cut func- 
tion is to cluster poles along the cut. That a cut may be thought of 
as a line of poles can be seen from a standard formula [S] for the 
tan-i X. . 
tan-l x = x s dz x2 + 22 1 
Now as is well known, the cut, and by Cauchy’s theorem the path of 
integration in Eq. (lo), need not follow a ray to infinity. However, 
when there is only a single branch point in the finite plane, the [N, N] 
PadC approximants “converge” to the function defined by cutting along 
a ray. In this case all the poles of the Pad& approximants lie on the 
negative real axis between - 1 and - 00. The convergence of the 
.~PPLIcARILITY OF THE PAIk APPROSIMANT METHOD 413 
sequence of Padi: approximants is directly comparable to that of the well 
known series2 
(11) 
for the limiting value as x tends to infinity. 
For the function [(I + 2x)/(1 + x)1112, all the poles of the PadC 
approximants lie on the ray from the branch point at x = -- 4 between 
it and the branch point at x = - 1. The convergence of the [N, N] 
PadC approximants at infinity in this case is good. The error for N = 5 
is only one part in the ninth place. 
The function ze!(x) has branch points at 
x = (12 & 5 Ii- 1)/13. (12) 
All the poles of the Padi: approximants lie on the arc of a circle through 
the origin and the two branch points. The convergence here is again good; 
the [4, 41 approximant is off only 3 parts in sixth place. 
II. FUNCTIONS REPRESENTED ONLY BY 4~ ASYMPTOTIC EXPANSION 
Whether a function is represented by a convergent power series or 
only by an asymptotic expansion, one may formally form Pade 
approximants to it. We shall do this for some examples and investigate 
the error in the Pad& approximants at infinity. 
In Table III we have listed the values of the limit as z -+ 00 of the 
[N, N] Pad& approximants to several functions which tend to a constant 
on every ray except the negative real axis as 8 -s CO. The first function 
has ‘the asymptotic expansion 
m 
I 
e-tdt 
----=l-l!x+2!~~-3!x~$ . . . 
Ii 
1 + xt 
which was first studied by Euler [7]. This function, and also the second 
one come under the scope of Wall’s [2] theorem, and so the [N, N] Pad& 
approximants must converge. We choose the [N, N] Pade approximants 
for the first two functions even though they tend to zero at infinity 
because the first goes like In x/x and the second like Vs. We note 
in passing that, using the [6, 61 Pad& approximant for the first function, 
which is derived from the first 13 terms of the asymptotic series, we 
2 No. 48.2, ref. [6]. 
calculate the value of Euler’s divergent series (the function at x :: 1) 
to be 0.5968 which may be compared with the exact value of 0.5!)63 
and Lacroix’s [7] value of O.SSS2 whiclr he obtained from the first 13 terms 
through the use of three Euler transformations. The rate of convergence 
of the Pad& approximants at x = 1 is essentially the same as at x = CO: 
namely, the error is proportional to lj(n -i- 1). In the case of the second 
function, one easily deduces from Stirling’s approximation for the gamma 
function that the error at infinity tends to 7ero like (N)-l“‘. The poles 
of the Pade approximants to both the first two functions lie on the 
negative real axis, as they must [2]. 
TABLE III 
112 213 S/S 1.0 
l/3 2 * 4/3 * 5 376/297 1.39130 
‘/4 a-4-6/3.5.7 1.29935 1.61598 
1.31982 1.76764 
5 
2. 4. 6. 8.10 
l/6 
4 .5*7*9.11 
1.33377 1.87936 
Limit 0 0 1.41421 3.14169 
- 
Wall’s [2] theorem may also be applicable to the second pair of 
examples; however, we have neither proved nor disproved this remark. 
The third function appears to converge faster than (N)-‘j2 but more 
slowly than N-i and the fourth about like (N)- @. For all the cases 
presented in Table III the coefficients of the power series ultimately 
diverge like n! and the PadC approximants converge very slowly. It is 
easy to convince one’s self that if the power series diverges sufficiently 
rapidly then the value of the [N, N] Pad& approximants at infinity 
converge to some limit. For instance, if the coefficients satisfy 
Ian21 4c l%+1j (14) 
then this result follows from Eq. (40) of our previous paper [l]. 
It appears to use that it is irrelevant, so far as the application of 
the PadC approximant method is concerned, whether a function is 
represented by a convergent power series, or by an asymptotic series of 
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the type considered here. We realize that an asymptotic series cannot 
define a function uniquely, and that one can only ask if the Padi: 
approximants tend to a limit and if this limit gives a “reasonable” func- 
tion for the asymptotic series. We feel, however, that this situation 
probably obtains. 
III. FUNCTIONS REGULAR AT THE ORIGIN, BUT NOT OF TYPE I 
When a function does not tend to infinity like a constant times 
some integral power of z, then no Padi: approximant can represent it 
in the neighborhood of infinity. Examples of such functions can be 
found among those with an essential singularity at infinity. Y. L. Luke [5] 
has proved that if z is not zero, a singularity, or on a branch cut of 
E(z) = $,( 1, o ; iz + 1; - z- l) that 
lim (Yp, fi] - E(z)} = 0 (15) 
P+m 
We shall discuss several examples of functions with essential singularities 
at infinity from the point of view of the question of how far can one 
proceed toward infinity with a given order approximant, rather than 
from the viewpoint of what order approximant is required to give a 
specified accuracy at a given point. 
The examples listed in Table IV have essential singularities at infinity, 
but no singularities in the finite plane, The [N, N] Pad6 approximants 
have poles in the finite plane. We view the location of the spurious 
poles of the Pad6 approximant as defining a neighborhood of infinity in 
which the PadC approximant breaks down. In Table IV we list the value 
of the [N, N] Pad& approximant at the magnitude of the smallest root 
of the denominator. 
For the function3 b(x) the results are quite good. The odd approximants 
give exactly the correct value of the limit as x -+ + co and the even 
ones appear to converge rapidly. The smallest root of the denominator 
recedes to infinity in a manner almost linear with N, as observed pre- 
viously by Luke [S]. 
The’second function in Table IV manifests a more typical behavior. 
(W’e treat this function and the last one in Table III as functions of x2.) 
Comparison with tabulated values of the sine integral [9] reveal that 
starting with the [3, 31 approximant on, an accuracy of 0.2 is obtained 
and not improved upon. The magnitude of the smallest root in this case 
as in the first one appears to increase linearly with N. As the radius 
a See also, refs. [5] and [El. 
within which the power series yields the function value to within a given 
accuracy also increases linearly with N in these two cases (though with 
a smaller coefficient for the same accuracy), it appears to be the case 
that for these functions we ma!’ proceed toward infinity a distance which 
is proportional to N. 
The third function in Table IV illustrates much the same behavior 
as the second. It is N2(x) of our previous paper 111. However, it shouns 
the phenomenon mentioned in section 1 ; nameI>?, the appearance of 
a pole in a region which had already started to converge. The [4, 41 Pad6 
approximentvery nearly fills a block in the 
smallest root of the [S, 51 approximant is 
root of the numerator, 
Padd table of order 1. The 
very nearly cancelled bv a 
1 1.0 2.0 4.5 3.0 0.0462963 2.73861 
2 0.928203 3.46410 2.01456 4.50884 0.0402306 3.70084 
3 1.0 4.64437 2.40654 5.53833 0.0437683 4.40956 
4 0.994911 6.04653 1.80747 6.35405 0.0432710 4.99528 
5 1.0 7.29348 2.50818 7.35452 0.0432724 4.95526a 
6 0.999640 8.67206 2.31513 8.59101 0.043286A 5.66079 
7 1.0 9.94356 ~- - 
Limit 1.0 - 2.46740 - 0.0438649 -- 
a Second smallest root. 
Root of numerator = 2.8852000 
Root of denominator = 2.8851989 
(16) 
If we do not go as far as the first pole, but only to x = +(N + l), 
we find much improved convergence in these examples. In fact, the [3, 31 
approximant gives the function value with an error of less than 1 part 
in 104, for at least the first two functions, which are tabulated. 
We point out that when one cannot proceed all the way to infinity, 
it is not a priori obvious which sequence one should select from the Pad6 
table. To investigate this question, we have computed in addition to 
the results given in Table IV, the [2N, 2N -J= I] Pad6 approximants 
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for the square root of the last two functions of Table IV (treated as 
functions of x here). We find the accuracy to be of the same order of 
magnitude; however, the balanced approximant is somewhat more 
accurate. 
IV. THE LOCATION OF C~JTS 
In cases where the exact location of the cuts is not determined by the 
theorems of Section I, it is of interest to investigate the behavior of the 
[N, N] Pad6 approximants outside of any R,(f). We have formed Pad6 
approximants to several functions with more than two branch points to 
investigate this question. We have studied among others, v(x), t(x), 
s(x), c(x), and d(x) where 
C(X) = [(l - x)/(1 - &~)]‘1~ + ?t - 2 tan-l (2.4) - 2 tan-l [(5 - 12x)/13] 
d(x) = {[(l + x + x2) (1 + x)11/3 - 1)/x (17) 
and the others have been defined previously. In these cases the poles 
of the Pad& approximants do not all lie on any curve, but rather if S 
is the set of all the limit points of the poles of the Padit approximants, 
S appears to form a simple curve. Our evidence for the following conclu- 
sions about S is somewhat inconclusive. It appears, however, that the 
Pad6 approximants always cut (for functions not of type II, 12 > 1) 
on the arc of a circle through the origin. When this circle is not completely 
determined by the theorems of Section I, then the slope of the cut at 
the branch point at which it originates appears to be such that the cut 
lies in the interior of the angular region available to it. In the case of 
I(x) and d(x), we obtain E shaped cuts, a trident shaped cut for the case 
of c(x), and an infinitely long handled trident shaped cut for the case 
of S(X). 
It appears to us to be the case that the [N, NJ Pad6 approximants 
“converge” at etlevy point of the complex plane which is not a singularity 
of f(z) or on a cut.4 It should be noted that for the function B(X) given 
in Table I, the point at infinity necessarily lies on a cut. Also, the Pad& 
approximants may “converge,” as we have seen, at certain types of 
singularities. 
4 Provided the cuts leave the complex plane a connected region. In case the 
cut plane is not connected, then the Pad6 approximants “converge” in the connected 
portion which contains the origin. For instance the [N, N] Pad6 approximants 
to a function with the unit circle as a natural boundary can only be expected to 
“converge” inside the unit circle. 
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